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Turbulence Modeling in Rotating and Curved Channels:
Assessing the Spalart–Shur Correction
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Auni� ed approachto system-rotationandstreamline-curvatureeffects in the frameworkof simpleeddy-viscosity
turbulence models is exercised in a range of rotating and curved channel � ows. The Spalart–Allmaras (SA) one-
equation turbulence model (Spalart, P. R., and Allmaras, S. R., “A One-Equation Turbulence Model for Aerody-
namic Flows,” AIAA Paper 92-0439,1992) modi� ed in this manner is shown to be quite competitive with advanced
nonlinear and Reynolds-stress models and to be much more accurate than the original SA model and other eddy-
viscosity models that are widely used for industrial � ow computations. The new term adds about 20% to the
computing cost, but does not degrade convergence.

Nomenclature
C f , C p = friction and pressure coef� cients
cb1 = empirical constant of the Spalart–Allmaras (SA)

model10

cr 1, cr2, cr3 = additional empirical constants of the SA rotation
and/or streamline curvature (SARC) model,
1.0, 12.0, 1.0 (Ref. 7)

fr1 = rotation/curvature correction function
of the SARC model

Re = Reynolds number
Ro = Rossby number
r ¤ , r̃ = nondimensional criteria of rotation/curvature

effects de� ned in Sec. II
S̃ = deformation rate in SA model10

Si j = components of the mean strain tensor
u i = components of the mean velocity vector
v ¤ = friction velocity, ( s w / q )1/ 2

xi = coordinates
e jmn = tensor of Levi–Civita
m t = eddy viscosity
˜m = modi� ed eddy viscosity of the SA model
q = density
s w = wall friction
X m = components of the system rotation rate vector
x = magnitude of vorticity
x i j = components of the vorticity tensor

I. Introduction

T HE surprisinglylarge alterationof turbulentshear � ows caused
by system rotation and/or streamline curvature (RC) is a well-

known phenomenon that has been widely studied experimentally
and numerically. On the basis of these studies, today it is widely
thought that conventional linear eddy-viscosity turbulence models
fail to predict this effect accurately, or even fail to predict it at all.
To overcome or, at least, to alleviate that de� ciency, many RC cor-
rections for such models have been suggested (for instance, see
Refs. 1–5, etc.). Though those correctionsare more or less success-
ful in the speci� c � ows for which they were designed, they still are
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Aerodynamics.

notuniversal,they treat curvatureand rotationdifferently(in spite of
their plausiblecommon physicalnature), and, in addition,often suf-
fer from Galilean noninvariance (which is obviously undesirable).

Unlike simple eddy-viscosity models, Reynolds-stress models
explicitly contain RC-production terms and, therefore, are consid-
ered as much more promising for an adequatedescriptionof curved
and/or rotating turbulent � ows. However, strong evidence of con-
sistent superior accuracy for complex aerodynamic and industrial
� ows is not yet available.6 This is caused,at least in part, by the high
computationalcost of these models: Their intensiveuse for real-life
� ows is not affordable today.

This situation motivates further attempts to develop a uni� ed,
numerically ef� cient, and suf� ciently accurate approach for the
sensitization of simple linear eddy-viscosity turbulence models to
RC effects. An approach that claims to match those demands has
been developed in a recent paper of Spalart and Shur.7 It is empir-
ical and close to that proposed by Knight and Saffman,8 but has a
somewhat different formulation and is easier to apply, especially
in three-dimensions.Unlike traditional RC corrections, the Spalart
and Shur7 approach is based on a measure of the RC effects, which
is Galilean invariant, fully de� ned in three dimensions, and uni� es
rotation and curvature effects. This approach was recently tested in
Ref. 9 for two- and three-dimensional aerodynamic vortical � ows
and demonstrated rather promising capabilities.

The approach in Ref. 7 involves a combinationof second deriva-
tives of the velocity� eld, in contrast to � rst derivativesused in other
approaches; this might be viewed as unattractive by computer pro-
gram developers(especiallywith unstructuredgrids) and as unjusti-
� ably complex by others using turbulencemodeling. The approach
also follows from a critique of invariance de� ciencies and of the
mainstream interpretationof curvature as an extra strain, a critique
that cannot be considered as accepted by the community today.

An objective of the present study is to perform a more detailed
assessmentof the approachof Ref. 7 when applied to wall-bounded
rotating and curved � ows. More speci� cally, the empirical rotation
function suggested in Ref. 7 will be tested for the sensitization of
the Spalart–Allmaras (SA) one-equation eddy-viscosity transport
model10 to rotation and/or curvature effects (SARC model) on a set
of rotatingand curved channel� ows that are commonlyused for the
validationof turbulencemodels’capabilitiesto predictthe RC effect
on turbulent shear � ows. These � ows are the fully developed (one-
dimensional) turbulent � ow in a plane rotating channel, which has
been studied both experimentally11, 12 and by direct numerical sim-
ulation (DNS)13 , 14; the one-dimensionaldeveloped� ow in a curved
channel studied in experiments15– 17; the two-dimensional � ow in
a channel with U-turn (experiments18); and the three-dimensional
� ow in a curved rectangular cross-sectionchannel (experiments19 ).

784



SHUR ET AL. 785

The SARC predictions have been compared with the experimental
and DNS data and with the correspondingpredictionsobtainedwith
the originalSA model,10 with the one-equationeddy-viscositytrans-
port model of Gulyaev et al.20 (m t -92 model) (see also Ref. 21), and
with the two-equationk– x shear stress transportmodel of Menter22

(M-SST model), which currently is considered as one of the most
accurate two-equation turbulence models for aerodynamic and in-
dustrial � ows. In addition, some of the computations are carried
out with the Launder–Sharma k– e model23 as a typical represen-
tative of the k– e models, which are most widely used in applied
computational � uid dynamics codes.

II. SARC Model Formulation
As mentioned in the Introduction, the spirit of the empirical ap-

proach suggested in Ref. 7 for the sensitization of eddy-viscosity
turbulence models to streamline curvature and system rotation is
close to that proposed by Knight and Saffman8 (but overlooked by
later two-equation turbulencemodelers). As in Ref. 8, the approach
of Ref. 7 is based on tracking the direction of the principal axes
of the strain tensor and, thus, is both Galilean invariant and usable
in a simple model. However, it differs from Knight and Saffman8

in many details and, in particular, avoids the troublesome step of
computing and numerically differentiating the principal directions.
In addition, due to an explicit formula produced in Ref. 7, the for-
mulation is easier to apply especially in three dimensions. Knight
and Saffman,8 although applying the same invariance requirements
as Ref. 7, only present applications in simple two-dimensional az-
imuthal � ows.

When applied to the one-equation SA turbulence model10 the
ideas of Ref. 7 lead to a fairly simple modi� cation of the original
model: The only differencebetween the modi� ed, or SARC, model
accountingfor the RC effects and the SA model is that in the former
the production term in the eddy viscosity transport equation, cb1 S̃ ˜m ,
is multiplied by the rotation function fr1:

fr1(r ¤ , r̃ ) = (1 + cr1)
2r ¤

1 + r ¤
[1 ¡ cr 3 tan ¡ 1(cr2r̃)] ¡ cr 1

Assuming that all of the variables and their derivatives are de-
� ned with respect to the reference frame of the calculation, which
is rotating at a rate X , the nondimensional quantities r ¤ and r̃ are
given by the following formulas (present form corrects some of the
numerous typographical errors in Ref. 7):

r ¤ = S / x

r̃ = 2 x ik S jk

³
DSi j

Dt
+ ( e imn S jn + e jmn Sin ) X m

´,
D4

Here

Si j = 0.5

³
@u i

@x j

+
@u j

@xi

´
, x i j = 0.5

³³
@u i

@x j
¡

@u j

@xi

´
+ 2e m ji X m

´

S2 = 2Si j Si j , x 2 = 2x i j x i j , D2 = 0.5(S2 + x 2)

and DSi j /Dt are the componentsof the Lagrangianderivativeof the
straintensor.Theseare the secondderivativesmentionedearlier.The
Einstein summation convention is used. The additionalconstantsof
the model of Ref. 7 are cr1 =1.0, cr2 =12, and cr3 =1.0. These
values are open to re� nement, while giving fair results for curved
and rotating boundary layers and for free vortices.

III. Numerical Method and Sample Flows Description
For the one-dimensional� ow computationswe useda simplecen-

tral difference scheme, whereas for the two- and three-dimensional
incompressibleReynolds-averagedNavier–Stokes solution, the im-
plicitupwind� ux-differencesplittingschemeofRogersand Kwak24

was used. The inviscid � uxes were approximated with � fth-order
accuracy and the viscous � uxes with second-order accuracy. An it-
erative procedure for the solution of the corresponding� nite differ-
ence equations is based on the line (for two-dimensions) and plane
(for three-dimensions) Gauss–Seidel relaxation for the continuity

and momentum equations and on the diagonallydominant alternat-
ing direction implicit approximate factorization for the turbulent
variables.

The assessment of the SARC model was begun with computa-
tions of one-dimensionaldeveloped� ows in rotatingplane channels
and in curved plane channels, which are the simplest but still quite
representative tests for the evaluation of a turbulence model, es-
pecially if the saturation of the RC effects is sought. The speci� c
rotating channel � ows chosen are those commonly used for that
purpose in the literature. They are the � ows studied experimentally
by Halleen and Johnston11 and Johnson et al.12 and numerically,
with DNS, by Kristoffersen and Andersson13 and by Lamballais
et al.14 In the experiments11, 12 both Reynolds and Rossby numbers
based on mean � ow velocity Um , channel width D, and the rota-
tion rate X were varied over a wide range (Re =1.15–3.6 £ 104

and Ro =0.0–0.21). The DNS13 was carried out at Re =5.8 £ 103

with Ro values up to 0.5, and in the DNS14 the Reynolds number
was 5 £ 103 whereas the Rossby number was as high as 1.5. The
one-dimensional developed � ows in curved channels are those of
Wattendorf,15 Eskinazi and Yeh,16 and Hunt and Joubert.17 These
� ows cover a wide range of both Reynolds numbers and channel
curvature. In particular, in the experiments15 the ratio of the internal
(convex) and external (concave) channel wall radii R1 / R2 varied
from 0.8 up to 0.9, and the Reynolds numbers, based on the channel
width R2 – R1 and themaximum� ow velocityUmax were 5.295 £ 104

and 9.3 £ 104. In Ref. 16, the R1 / R2 ratio was the same, whereas the
Reynolds number value was as high as 1.484 £ 105. Finally, Hunt
and Joubert17 studied the � ow with R1 / R2 =0.99 at three values of
the Reynolds number: Re =3 £ 104, 6 £ 104, and 1.3 £ 105.

For the evaluation of the SARC model in the two-dimensional
mode, the � ow in a plane channel with a U-turn was chosen, which
was studied experimentallyby Monson et al.18 This � ow represents
a major challenge for turbulence models because it contains both
strongstreamlinecurvature[the ratio of boundary-layerthicknessto
radiusof curvatureis of (1)] and massive � ow separationand reat-
tachment, that is, the features most dif� cult to predict with existing
turbulence models. A schematic of the � ow geometry is presented
in Fig. 1 together with a typical computational grid (203 £ 111)
used in the computations.The � ow Reynolds number based on the
channel width H and mean � ow velocity Um is equal to 106.

Fig. 1 Geometry of the computational domain and 203 £ £ 111 grid
used in the computations of the two-dimensional � ow in a channel with
U-turn18 (every second grid line is shown).

Fig. 2 Geometry of the computationaldomainand 121 £ £ 81 £ £ 61 grid
used in the computationsof the three-dimensional � ow in a rectangular
duct with 90-deg bend19: a) general view of the domain (half of the duct
beneath the symmetry plane), b) section view, and c) top view (every
second grid line is shown).
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The last and the most complicated � ow considered in the present
study is the three-dimensional � ow in a rectangular curved, with a
90-deg bend, channel studied experimentally by Kim and Patel.19

This � ow geometry and the computationalgrid (121 £ 81 £ 61) are
shown in Fig. 2. This � ow was suggested as a test case at the 4th
and 5th International Workshops on Re� ned Flow Modeling25 – 27

and was computed intensively with the use of a wide range of tur-
bulence models. The duct aspect ratio D / H in the Kim and Patel19

experiments is 6.0, the inner and outer radii of the bend, Ri and Ro ,
are 3H and 4H , and the Reynolds number based on the freestream
velocity at the reference duct section (U0 =16 m/s) and on the duct
width is 2.24 £ 105 .

A grid-re� nement study was conducted for all of the � ows to
guarantee that the results obtained are virtually free of numeri-

a) b)

Fig. 3 Comparison of the SARC model predictions with DNS data13 on the a) velocity and b) Reynolds stress pro� les for the one-dimensional � ow
in a rotating plane channel.

a)
b) c)

Fig. 4 SARC model predictions and DNS data14 on the one-dimensional � ow in a rotating plane channel: a) velocity pro� les, b) (2Ro/S) pro� les, and
c) fr1 function and SARC eddy-viscosity pro� les.

a) b)

Fig. 5 Effect of Rossby number on the SARC relative eddy viscosity ºt/º and fr1-function pro� les for the one-dimensional � ow in a rotating plane
channel.

cal inaccuracies. For instance, for the channel with an U-turn (see
Sec. IV.B) the difference for all of the meaningful quantities, in-
cluding C f , computed on the grids 203 £ 111 and 301 £ 151 was
less than 1%.

IV. Results and Discussion
A. One-Dimensional Flows
Developed Flow in Plane Rotating Channels

A comparison of SARC predictions with the DNS data13 is pre-
sented in Fig. 3. Results in Fig. 3a show that the SARC velocitypro-
� les compare with those from the DNS fairly well: The agreement
is at least not worse than that reached with the use of the Reynolds-
stressmodel.27– 30 The correspondencebetween the model and DNS
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data on the Reynolds stress pro� les (Fig. 3b), though is not as good
as that for the velocity, is still quite acceptable.The same is true with
regard to the DNS data14 on the rotating channel � ow with an ex-
tremely intensive rotation (Ro =1.5), which is seen in Fig. 4, where
the model and DNS14 velocity pro� les (Fig. 4a) and y distributions
of the parameter 2Ro/ S (Fig. 4b) are plotted.

To show the mechanism of the positive effect of the RC
correction,7 the rotation term fr1 distributions and the correspond-
ing eddy-viscositypro� les are plotted in Fig. 5 at different Rossby
numbers.

The quality of the SARC model prediction of the rotation effect
on the wall friction is illustrated in Fig. 6, where the computed and
experimental/DNS values of the ratio of the friction velocities for
the rotating and stationary channels are plotted as a function of the
Rossby number at the � xed (that for the stationary channel) value
of the pressure gradient at three different Reynolds number val-
ues: Re =5.8 £ 103 , 1.15 £ 104 , and 3.5 £ 104 . The SARC friction
at low and moderate Rossby numbers (Ro < 0.1) can be consid-
ered to be quite good. At the higher Rossby numbers, the model
does not predict the steep drop of the skin friction at the suction
wall that is observed in the experiments at low Reynolds number
(Re =1.15 £ 104 , black triangles) and is caused by the � ow relami-

Fig. 6 Comparison of the SARC skin friction at the pressure and suc-
tion walls of the rotating plane channel with the experimental data11;12

and DNS data13 [V¿ 0 is the friction velocity at Ro = 0, no rotation].

a)

b)

c)

d)

Fig. 7 Comparison of the friction velocity at the inner and outer walls predicted by different turbulence models with the experimental data17 on the
developed � ow in a curved channel.

narization.Nevertheless,the current fr 1 functionprovidesthe initial
slope and some measure of saturation for Rossby number in excess
of about 0.25.

Developed Flow in Curved Channels
Figure 7 shows the SARC superiority over other eddy-viscosity

models from the standpoint of its capability to predict the curvature
effect on the friction velocity at the convex (inner) and concave
(outer) walls of a slightly curved channel17 (R1 / R2 =0.99).

In particular, according to the experiment,17 the friction at the
concavewall is tangibly(up to 20%at highReynoldsnumber)higher
than that at the convex one. As should be expected, neither the
standardSA and m t -92 models nor the M-SST models are capableof
predictingthis effect correctly: Instead, they give very close friction
velocity values at both walls. The m t -92 model underpredicts even
the lowest (convex wall) experimental friction (Fig. 7a), the M-SST
model, on the contrary, gets closer to the concave wall (Fig. 7b),
and the SA friction is right in the middle between the experimental
data for the convexand concavewalls (Fig. 7c). Introducingthe fr1-
term (SARC model) changes the picture quite drastically:Now, the
computed friction velocities at the convex and concave walls of the
channel differ from each other quite tangiblyand are much closer to
the corresponding experimental data (see Fig. 7d). Figures 6b and
7d suggest that the best compromise would be a slightly stronger
RC effect, probably obtained by increasing cr3 by about 20%.

Figure 8a shows the eddy-viscosity pro� les computed with the
different models. Note that with the SA, m t -92, and M-SST models
they are virtually symmetric.The models do not capture the effect of
the curvature on turbulence,as has been reported many times in the
literature. With the SARC model, the eddy viscosity decreases near
theconvexwall and,on thecontrary,increasesnear theconcavewall,
providing correspondingchanges of the skin friction. The way that
the fr1 term affects the eddy viscosity is clear from Fig. 8b, where
fr1 pro� les are plotted at different Reynolds numbers (curiously,
they are virtually insensitive to the Reynolds number variation).

Figure 9 gives an idea of the capabilities of the SARC model for
predicting the velocity pro� les measured in the experiments.15, 16

In all of the cases, that is, at different Reynolds numbers (from
Re =5.295 £ 104 in the Wattendorf experiments15 up to Re =
1.484 £ 105 in the Eskinazi and Yeh experiments16 ) and with the
R1 / R2 ratio as low as 0.8, the SARC model captures the shape of
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a) b)

Fig. 8 Eddy viscosity for the developed � ow in a slightly curved channel a) computed with different turbulence models and b) fr1-function.

a) b) c)

Fig. 9 Comparison of the velocity pro� les predicted by different turbulence models with the experimental data.15;16

a) b)

Fig. 10 Eddy viscosity for the developed � ow in a strongly curved channel computed with different a) turbulence models and b) fr1-functions.

the velocitypro� les tangiblybetter than the othermodels; the defor-
mation of the pro� les due to wall curvature is qualitatively correct
and quantitativelyacceptable.An exception is the � ow regime with
the highest of the Reynolds numbers consideredhere (Fig. 9c): The
SARC prediction fails to capture the shape of the velocity pro� le
in the vicinity of the concave wall. The mechanism of the fr1-term
action in the SA model improvement is clear from Fig. 10, where
the typical eddy viscosityand fr1 pro� les are plotted.Note the very
large excursionsof fr1 from its passive value of 1; In some regions,
the production of eddy viscosity is negative.

Thus, in general, the results presented in this section are evidence
that as applied to the one-dimensional rotating and curved channel
� ows, the SARC model, while leaving room for improvement, pro-
vides quite acceptablepredictionsof the major � ow characteristics.

B. Two-Dimensional Flow in a Duct with U-Turn18

Along with the original SA, SARC, m t -92, and M-SST models,
this � ow (see Fig. 1) was also computed with the use of Launder–
Sharma k– e model.23 In all of the cases, in accordance with the
experiment,18 the � ow at the duct section s / H = ¡ 10.0 (s is the
distance measured along the channel central line) was assumed to

be fully developed.The correspondinginletboundaryconditionsfor
the velocityand turbulent� ow quantities, m t , k, x , and e , were gener-
ated by computing the developedplanechannel turbulent � ow char-
acteristics in the framework of the appropriate turbulence model.
The major results of the present numerical study are presented in
Figs. 11–13.

First, as clearly seen in Figs. 11–13, the accuracy of the SARC
model predictions is signi� cantly higher than that of the standard
SA model. In particular, at the concave wall of the channel, both
the skin-friction and pressure coef� cients, C f and C p , computed
using the SARC model are the best among all of the models con-
sidered during the present study (see Figs. 11a and 12a); the same
is true with regard to the Reynolds-stress model used for this � ow
computation in Ref. 31. The m t -92 and SA models signi� cantly un-
derestimate the maximum C f value. The Launder–Sharma model
(LS), on the contrary, overshoots C f at the concave wall all along
the turn. Finally, the M-SST model predicts the maximum C f value
quite accurately, but farther downstream overestimates the friction.
The pressurecoef� cient, accordingto the SA, m t -92, and LS models,
is almost constantdownstreamof the duct cross section h =180 deg
(s / H = p , the end of the turn), whereas in the experiment, just as
predictedwith the SARC model, it drops signi� cantly (in the region
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a) b)

Fig. 11 Computed and measured distributions of the skin-friction coef� cient of the channel with U-turn18 along the outer and inner walls.

a) b)

Fig. 12 Computed and measured distributions of the pressure coef� cient of the channel with U-turn18 along the outer and inner walls.

Fig. 13 Computed and measured velocity pro� les at different sections of the channel with U-turn.18

of the � ow separation from the inner wall) and only after that in-
creases and then becomes constant. The M-SST model predicts C p

at the outer wall better than the LS, m t -92, and SA models and is
almost as good as the SARC model.

Approximately the same assessment of the relative rank of the
models is found with regard to the inner wall friction and pressure
distributions but only upstream of � ow separation (see Figs. 11b
and 12b). After separation the situation changes, at least as far as
the SARC model is concerned. It tangibly overestimates the length

of the recirculationzone and predicts too slow a recovery after reat-
tachment.However, most probably, this de� ciency is not associated
with the fr 1 correction and is caused by the similar de� ciency of
the original SA model observed earlier in plane � ows with massive
separation and reattachment.21

As to the performance of the other models at the inner wall,
the LS model fails to predict separation at all (its C f is positive
everywhere), the m t -92 model predicts too short a recirculationzone,
and the M-SST model, in general, agrees with the experimentbetter
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than the other models, though it also somewhat underestimates the
rate of the � ow recovery after reattachment.

All of the described trends are clearly seen not only from the
skin-friction and pressure distributions, but also from the velocity
pro� les presented in Fig. 13; when analyzing these results note that
the integrals of the experimental velocity pro� les (the mass � ow)
have deviations from the constant value, in the 1–2% range.

A generalconclusionthat can be drawn on the basis of the present
study of the fr1-term ef� ciency as applied to the two-dimensional
U-turn duct � ow is that, although it provides some improvement
compared to the original SA model, the SARC model still has de� -
ciencies, most probably, due to the de� ciencies of the original SA
model rather than due to dif� culties with the fr 1 correction itself.

C. Three-Dimensional Curved Channel Flow19

As mentioned earlier the three-dimensional curved channel
� ow (Fig. 2) was intensively studied numerically in the course
of the European Research Community on Flow, Turbulence and
Combustion/International Association of Hydraulic Engineering
and Research (ERCOFTAC/IAHR) Workshops on Re� ned Flow
Modeling.25 – 27 None of the turbulence models used by the work-
shop participants (starting from the conventional k– e models and
ending with the advancedalgebraicand differentialReynolds-stress
models) was able to predict the major � ow characteristicsproperly.
For this reason, this � ow was chosen to test the claim of Ref. 7 that
the fr1 correction is both easily handled and effective for complex
three-dimensionalwall-bounded turbulent � ows.

Fig. 14 Computed and measured streamwise evolution of the skin-friction distribution along the perimeter of the cross section of the rectangular
duct with 90-deg bend.19

The computationswere performedusing the SA and SARC mod-
els and, in addition, using the M-SST model, which was quite com-
petitivewith SARC for the two-dimensionalU-turn duct considered
in the preceding section. Note that when computing this � ow, dif� -
culties were encountered when imposing the inlet boundary condi-
tions, due to the lack of experimentaldata on the mean and turbulent
� ow quantities in the near-wall region of the reference section of
the duct (section U1 in Fig. 2 located at 4.5H upstream of the bend).
This was handled by � rst computing the three-dimensional � ow at
the entrance region of a straight rectangular duct having the same
aspect ratio and Reynolds number as in the experiment.19 Then the
computed � ow parameters in the near-wall region at the duct sec-
tion with the momentum thickness Reynolds number at the center
of the vertical duct wall, Re h =U0 h / m , equal to that measured in
the experiment19 at the reference section U1 (Reh =1650), were
matched with the measured core � ow characteristicsat that section.
The resulting � ow parameters were used as the inlet boundary con-
dition for subsequent computations.This approach was checked by
numerical experiments using different inlet boundary conditions;
due to the dominant effect of curvature, the resulting uncertainties
did not affect the results of the computations in the curved section
of the duct that were of interest during the present study.

The major results of the computations are presented in Figs. 14
and 15.Figure 14 illustratesthecomparisonbetween theSA, SARC,
and M-SST predictionswith the experimental data19 on the stream-
wise evolution of the skin-frictioncoef� cient distributionalong the
perimeter of the duct cross section [l =0 in Fig. 14 corresponds



SHUR ET AL. 791

a) b)

Fig. 15 Computed and measured distributions of the skin friction coef� cient of the rectangular duct with 90-deg bend19 along midspan of the inner
and outer walls.

to the center of the inner (convex) vertical wall and l =7 to that
of the outer (concave) wall]. At the second experimental section
U2 , located at 0.5H upstream of the beginning of the turn, all of
the turbulence models yield similar results, which differ somewhat
from the measured friction distribution. Apparently, this is due to
the inaccuracy of the inlet boundary conditions used in our com-
putations [note that a similar or even higher discrepancy between
computed and measured C f (l) at the U2 section was observed in
all of the computations performed in the course of the workshop27

with the use of different inlet boundary conditions and turbulence
models].

At the � rst experimental section located in the curved part of
the duct (h =15 deg) the frictiondistributionsbecome rather model
dependent,at least as far as the convexwall is concerned:The origi-
nal SA model signi� cantly overshoots friction at this wall, whereas
both SARC and M-SST models properly predict the friction.At the
top/bottom wall, the disparity between the models is virtually neg-
ligible, all of them fail to predict the experimental friction,which is
truealso for theothermodelstestedat theworkshop.27 Thisdif� culty
might be caused either by a mutual de� ciency of all of the evaluated
models or by some inaccuracy of the friction measurements in the
experiment.19

At the next experimental section (h =45 deg) the disparity be-
tween the models at the vertical walls becomes even more signi� -
cant. Now only the SARC model predicts the experimental friction
on both convex and concave walls. The original SA model signif-
icantly overestimates the former and underestimates the latter, and
the M-SST predictions are between the SARC and SA ones. The
same trends, but even more pronounced, are observed at the next
experimental section, h =75 deg. Then, in the region of the � ow
recovery downstream of the turn (sections D1 and D2 located at
0.5H and 4.5H downstream of the bend), the SARC model still
predicts friction at both vertical walls quite accurately,whereas the
SA and M-SST models, as earlier, overestimate C f at the convex
wall and underestimate it at the concaveone, though the inaccuracy
is gradually diminishing.

The superiority of the SARC model is seen more directly in
Fig. 15, where the friction coef� cient distributionsare plotted along
the midspan of the concave and convex walls (s in Fig. 15 is the
distance measured along the convex wall of the duct). A similar
conclusion can be drawn with regard to the relative capabilities of
the SARC model and the Gatski and Speziale nonlinear model32 in
conjunction with the k– x model of Wilcox,33 shown to be the best
one among the models tested in the course of the workshop.27

As to the computationalaspects of the SARC model as applied to
the present three-dimensional� ow, its ef� ciency is almost the same
as thatof theoriginalSA model:The CPU time neededforoneglobal
iteration with the SARC model is somewhat ( » 20%) larger, but the
convergence rate is slightly faster. The resolution provided by the
121 £ 81 £ 61 grid (see Fig. 2) is suf� cient as con� rmed by Fig. 15
in which, along with the data obtained on this � ne grid, the corre-
sponding results with a coarser grid (61 £ 61 £ 61) are presented.

V. Conclusions
A numerical study was performed of the capabilities of the SA

one-equationturbulencemodel modi� ed to account for system RC,

via an extensive comparison of its predictions with experimental
and DNS data in rotating and curved turbulent channel � ows. This
yielded the following conclusions.

1) The model describes the effect of rotation on the velocity pro-
� les surprisingly well for a wide range of Rossby number (up to
Ro =1.5). Its agreement with DNS data13, 14 is better than or com-
parableto results foundusingan advancedReynolds-stressmodel.30

A comparison of SARC with measurements of velocity pro� les is
also fairly good. The same is true for wall friction predictionsat the
suction wall of the rotating channel. However, at the pressure wall,
the model predicts saturation of the friction velocity at a somewhat
weaker rotation rate than observed.

2) For the one-dimensional developed � ows in a curved chan-
nel, the SARC model improves signi� cantly the performance of
the original SA model. Unlike the two other simple eddy-viscosity
models20, 22 (seealsoRef. 30) thatwere considered,theSARC model
predictsboth signi� cantasymmetryof the velocitypro� les and large
differencesbetweenthe skin frictionat theconcaveand convexwalls
of the channel.However, it seems that the model still somewhat un-
derestimates the effect of curvature at high Reynolds numbers and
leavesroomfor furtherimprovementvia tuningthe modelconstants.

3) For the two-dimensional channel � ow with a U-turn18 the
SARC model performs quite satisfactorily upstream of separation.
In this region, predictions of the SARC model are much better
than those with the original SA model and are competitive with
Reynolds-stress model predictions. Downstream of separation, the
SARC model still predicts skin-friction and pressure coef� cients at
the outer wall of the channel quite well; however, it overestimates
the length of the recirculationzone and predicts too slow a recovery
after reattachmentat the convexwall. The latter dif� culty is caused,
most probably,by a de� ciency of the original SA model rather than
a problem with the RC term of the SARC model. Quite unexpect-
edly, the M-SST model with no special RC terms provides a rather
accurate � ow description.

4) For the three-dimensional curved channel � ow,19 the SARC
model has demonstratedsigni� cant superiorityover a wide range of
turbulence models starting from simple eddy-viscositymodels and
extending to nonlinear and Reynolds-stressmodels.

The results obtained during the present study substantiate the
vision of Ref. 7 to provide a uni� ed description of the effect of
rotation and streamline curvature on turbulent channel � ows within
the framework of conventional eddy-viscosity turbulence models.
Evenwhencoupledwith the simple one-equationeddy-viscositySA
model,theapproachofRef. 7 providesa signi� cant improvementfor
a wide range of rotating/curved channel � ows. This improvement
might be enhanced by a � ne tuning of the model constants. No
particular numerical dif� culties were encountered. The assertion
that all scalar eddy-viscosity models are ineffective when treating
rotation and curvature is simply incorrect. Considering that similar
conclusions with regard to the approach of Ref. 7 were drawn for
some vortical � ows,9 it appears that this approach is worth applying
to sensitize other eddy-viscosity turbulence models to rotation and
curvature. The � rst candidate for such a modi� cation might be the
M-SST model, which is known as one of the best models of that
type. Recall that the quantities r ¤ and r̃ are quite usable with scalar
models other than SA; the core of Ref. 7 is the constructionof r̃ , not
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the fr1 function (although model developers might be interested in
its limiting behavior, for small r ¤ and for large j r̃ j ).
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